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THE KA¨HLER-RICCI FLOW ON FANO BUNDLES
XIN FU AND SHIJIN ZHANG
Abstract. We study the behavior of the Ka¨hler-Ricci flow on some Fano bundle which is a trivial
bundle on one Zariski open set. We show that if the fiber is Pm blown up at one point or some
weighted projective space blown up at the orbifold point and the initial metric is in a suitable
ka¨hler class, then the fibers collapse in finite time and the metrics converge sub-sequentially in
Gromov-Hausdorff sense to a metric on the base.
1. Introduction
The Ricci flow, introduced by Hamilton ([18]), has become a powerful tool to study the topology
and geometric structures of Riemannian manifolds. In general, the Ricci flow develops finite time
singularities. Hamilton’s program of Ricci flow with surgeries was carried out by Perelman [23,
24, 25] to prove Thurston’s geometrization conjecture. The minimal model theory in birational
geometry can be viewed as the complex analogue of Thurston’s geometrization conjecture. Later
in [4] Cao introduced the Ka¨hler-Ricci flow and use it to prove the existence of Ka¨hler-Einstein
metrics on manifolds with negative or vanishing first Chern class ([56, 1]).
There are intensive study of the Ka¨hler-Ricci flow in the past few years. In the general type
case, has been studied by Tsuji [55], Tian-Zhang [47], Guo [16], Guo-Song-Weinkove [17], Tian-
Zhang [48] and references therein. In the Calabi-Yau fiber case, has been studied by Song-Tian
[34], Song-Weinkove [41], Fong-Zhang [13], Gill [15], Tosatti-Weinkove-Yang [52] and references
therein. In the Fano case, has been studied by Chen-Tian [5, 6], Chen-Wang [7], Phong-Sturm
[26], Phong-Song-Sturm-Weinkove [27, 28, 29], Sesum-Tian [30], Sze´kelyhidi [43], Tian-Zhang [49],
Tian-Zhang-Zhang-Zhang [46], Tian-Zhu [50, 51] and references therein.
Moreover, Song-Tian have a nice observation which relate the Ka¨hler-Ricci flow with birational
geometry. In [34, 35, 36] they introduced the analytic minimal model program which is parallel
to Mori’s birational minimal model program. On one hand, Ka¨hler-Ricci flow with surgery can be
viewed as the complex analogue of Thurston’s three dimensional geometrization conjecture. On the
other hand, the surgery is canonical and correspond to the birational surgery in Mori’s program
such as divisorial contraction or flip, see [2, 19]. In this article, our Fano fiber contraction in metric
sense can be viewed as the analogue of Mori fiber space in birational geometry.
In this article we study the behavior of the finite time singularity of the Ka¨hler-Ricci flow. The
behavior of the Ka¨hler-Ricci flow with finite time singularity has been studied by Feldman-Ilmanen-
Knopf [10], Ilmanen-Knopf[21], Song-Weinkove [38], Song [31, 32], Song-Sze´kelyhidi-Weinkove [33],
Tian [44, 45], Zhang [57, 58], Fong [11, 12], Collins-Tosatti [9], La Nave-Tian [22], Song-Yuan [42],
Tosatti-Zhang [54] and references therein.
Let (M, g0) be a compact Ka¨hler manifold of complex dimension n ≥ 2. We write ω0 =√−1(g0)ijdzi∧dzj for the Ka¨hler form associated to g0. We consider the Ka¨hler-Ricci flow ω = ω(t)
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given by
(1.1)
∂
∂t
ω = −Ric(ω), ω(0) = ω0,
where Ric(ω) = −√−1∂∂ log detg, where g = g(t) is the metric associated to ω.
It’s well-known that, from Tian-Zhang [47], a maximal smooth solution to (1.1) exists on [0, T )
where T > 0 is given by
(1.2) T = sup{t > 0|[ω0]− 2πtc1(X) > 0}.
Song-Sze´kelyhidi-Weinkove [33] studied the behavior of the Ka¨hler-Ricci flow on the projective
bundles. One essential point of their proof is that the projective space admits a metric which has
positive bisectional curvature. In this article, we want to generalize their result in the sense that
we could have more types of Fano fibers other than projective spaces. For example the fiber could
be Pm blown-up at one point or Mm,k which is the weighted projective space Ym,k(1 ≤ k < m)
blown-up at the orbifold point (the definitions of Mm,k and Ym,k see section 4). In this paper, we
consider the Fano bundle which is trivial on one Zariski open set. More precisely,
Definition 1.1 (Fano bundle). Let X,Y be compact Ka¨hler manifolds with dimension n,m, respec-
tively, F be a Fano manifold with dimension n−m and a surjective holomorphic map π : X → Y .
We say X is a Fano bundle over Y with fiber F , if for any y ∈ Y , there exists a Zariski open set
y ∈ U ⊂ Y and a biholomorphism Φ : π−1(U)→ U × F such that the diagram
π−1(U)
Φ
//
π
##❋
❋❋
❋❋
❋❋
❋❋
U × F
Pr1
||②②
②②
②②
②②
②
U
commutes, where Pr1 is the projection map onto the first factor. We denote it as (X,Y, π, F ).
Remark 1.0.1. We recall the definition of Fano fibration, was defined by Tosatti-Zhang [54]. A
compact Ka¨hler manifold is said to admit a Fano fibration if there is a surjective holomorphic map
π : X → Y with connected fibers, where Y is a compact normal Ka¨hler space with 0 ≤ dimY < dimX
and such that for every fiber F of π such that −KX |F is ample. Hence the Fano bundle is a special
Fano fibration.
Remark 1.0.2. The simplest example of a Fano bundle is X = F × Y with a Fano manifold F
and any compact Ka¨hler manifold Y . The projective bundle X was considered by Song-Sze´kelyhidi-
Weinkove [33] is a Fano bundle with F = Pn−m.
Since the fiber F is a Fano manifold, the solution ω(t) develops a singularity after a finite time.
By (1.2), T is finite since F · c1(X)n−m > 0 for every fiber F . Hence we assume that the limiting
Ka¨hler class [ω0]− 2πTc1(X) satisfies
(1.3) [ω0]− 2πTc1(X) = [π∗ωY ]
for some Ka¨hler metric ωY on Y . It’s well-known that the Ka¨hler-Ricci flow equation (1.1) is
equivalent to the following complex Monge-Ampe`re equation
(1.4)


∂ϕ
∂t
= log
( 1T ((T − t)ω0 + tπ∗ωY ) +
√−1∂∂ϕ)n
Ω
ϕ(0) = 0,
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where Ω is a smooth volume form, χ =
√−1∂∂ logΩ ∈ −2πc1(X), and ω(t) = 1T ((T − t)ω0 +
tπ∗ωY ) +
√−1∂∂ϕ > 0. By Lemma 2.1 below, we know there exists a bound function ϕT on X
satisfying limt→T ϕ(t) = ϕT . We define
(1.5) ωT := π
∗ωY +
√−1∂∂ϕT ≥ 0.
Our first main result of this paper is that ωT is bounded.
Theorem 1.1. Assume (X,Y, π, F ) is a Fano bundle, ω0 is the Ka¨hler metric on X, ωY is a
Ka¨hler metric on Y satisfying (1.3) for some T > 0, ωT is defined by (1.5). Then there exists a
uniform constant C > 0 such that
(1.6) C−1π∗ωY ≤ ωT ≤ Cπ∗ωY .
We also study the Ka¨hler-Ricci flow on the Fano bundles with the fiber F is Pm blown up at one
point or Mm,k which is the weighted projective space Ym,k (the definition see Section 4) blown up
at the orbifold point.
The other main result of this paper shows that diameter of manifold X with metric ω(t) is finite
and there exists a sequence of metrics along the Ka¨hler-Ricci flow converge subsequentially to a
metric on Y in the Gromov-Hausdorff sense as t → T . It generalizes in some sense the result of
Song-Sze´kelyhidi-Weinkove (Theorem 1.1 in [33]).
Theorem 1.2. Let (X,Y, π, F ) be a Fano bundle with F is Pm blown up at one point (m ≥ 2)
or F = Mm,k(1 ≤ k < m), ωY be a Ka¨hler metric on Y and ω0 be a Ka¨hler metric on X.
Assume ω(t) is a solution of the Ka¨hler-Ricci flow (1.1) for t ∈ [0, T ) with initial metric ω0 and
[ω0]− 2πTc1(X) = [π∗ωY ], then we have
(1) diam(X,ω(t)) ≤ C for some uniform constant C > 0;
(2) There exists a sequence of times ti → T and a distance function dY on Y (which is uniformly
equivalent to the distance induced by ωY , such that (X,ω(ti)) converges to (Y, dY ) in the
Gromov-Hausdorff sense.
The Theorem 1.2 is a combination of Theorem 3.1 and Theorem 4.1.
When the dimension of X is 2, our method basically can cover most del Pezzo surface. It will be
more interesting when the complex structure of the fiber is changing and when the fiber is general
Fano variety in higher dimension.
In this paper, the notation ’tr’ means that, if α =
√−1αijdzi ∧ dzj is a real (1, 1)-form then we
write
(1.7) trωα = g
ijαij =
nα ∧ ωn−1
ωn
.
In this notation, we can write ∆f = trω(
√−1∂∂f).
In section 2, we recall some well known estimates for the Ka¨hler-Ricci flow, and using Song’s
argument in [32] to establish a estimate of the horizontal level set, as an application, we prove
Theorem 1.1. In Section 3, we using the estimate of the horizontal level set established in section
2 and the argument in [33] to prove the case of fiber is Pm blown up at one point in Theorem
1.2. In Section 4, we recall the definitions of Mm,k and Ym,k, using He-Sun’s theorem [20] that
any weighted projective space admits a orbifold Ka¨hler metric with positive bisectional curvature,
Song-Weinkove’s argument in [40] and the argument of the proof in the case of F is Pm blown up
at one point, we can prove the case of F =Mm,k in the Theorem 1.2.
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2. The Main Estimates
In this section, we recall some estimates for the Ka¨hler-Ricci flow, establish a estimate for ω(t)
on the horizontal level set and prove the Theorem 1.1.
We define reference (1, 1)−forms ωˆt on X for t ∈ [0, T ] by
(2.1) ωˆt =
1
T
((T − t)ω0 + tπ∗ωY ).
Then ωˆt is a Ka¨hler form in the cohomology class [ω(t)] for t ∈ [0, T ). Let Ω be the unique smooth
volume form on X with
√−1∂∂ logΩ = ∂∂t ωˆt =: χ ∈ −2πc1(X) and
∫
X
Ω = 1. We also can write
ωˆt as ωˆt = ω0 + tχ.
It’s well-known that the Ka¨hler-Ricci flow equation (1.1) is equivalent to the following complex
Monge-Ampe`re equation
(2.2)


∂ϕ
∂t
= log
(ωˆt +
√−1∂∂ϕ)n
Ω
ϕ(0) = 0
ω(t) > 0.
where ω(t) = ωˆt +
√−1∂∂ϕ.
In this paper we use C to denote a uniform constant, independent of time but possibly depending
on ω0, n, T , which may differ from line to line. Then the following estimates are well known, see
the Lemma 2.1 and Lemma 2.2 in [39].
Lemma 2.1. For any Ka¨hler manifold (X,ω0) and Ka¨hler manifold (Y, ωY ). If there exists a
surjective holomorphic map π : X → Y , and the smooth solution ω(t) of the Ka¨hler-Ricci flow (1.1)
on X satisfying limt→T [ω(t)] = [π
∗ωY ](T < +∞). Then we have
(1) There exists a uniform constant C > 0 such that ||ϕ||L∞ ≤ C;
(2) There exists a uniform constant C > 0 such that ϕ˙ ≤ C;
(3) As t→ T , ϕ(t) converges pointwise on X to a bounded function ϕT satisfying
(2.3) ωT := π
∗ωY +
√−1∂∂ϕT ≥ 0.
(4) There exists a uniform constant c > 0 such that
(2.4) ω(t) ≥ cπ∗ωY .
Next motivated by the argument of Song, see subsection 3.1 in [32], which Song estimated the
evolving metrics of the Ka¨hler-Ricci flow in a well-chosen set of directions in the tangent space of
each point on X instead of all directions, we estimate the metric ω(t) on the horizontal level set of
the Fano bundle X .
Let (X,Y, π, F ) be the Fano bundle (see Definition 1.1). Since for any x ∈ X , let y = π(x), there
exists a Zariski open set (y ∈)U ⊂ Y , such that the diagram
π−1(U)
Φ
//
π
##❋
❋❋
❋❋
❋❋
❋❋
U × F
Pr1
||②②
②②
②②
②②
②
U
commutes, where Pr1 is the projection map onto the first factor. Let f = Pr2 ◦ Φ(x), H =
Φ−1(U × {f}), where Pr2 is the projection map onto the second factor. Let D = Y \U and s be a
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holomorphic section on [D] and let h be a Hermitian metric on [D]. Define |s|2 = hss. Then on
the horizontal level set H , we have the estimate for ω(t)
Lemma 2.2. Assume ω(t) is the solution of the Ka¨hler-Ricci flow (1.1) and limt→T [ω(t)] = [π
∗ωY ].
Fix any point x ∈ X, then there exists U ⊂ Y , let f(x) = Pr2 ◦ Φ(x) and H = Φ−1(U × {f(x)}).
Then there exist uniform constants C > 0 and α > 0, such that ω(t)|H ≤ Cπ∗(|s|2α) (π∗ωY )|H .
Proof. Since for any x ∈ π−1(U), π(x) = y ∈ U , and Φ is a biholomorphism from π−1(U) to U ×F ,
there exist constants α > 0 and C > 0 such that π∗ωY |H ≥ π∗|s|αωY |U . On the other hand, for
each time t ∈ (0, T ), ω(t) is equivalent to metric ω0. Hence if we let
u(t, x) = π∗(|s|2α)trπ∗ωY |H (ω(t)|H)(x),
we know u→ 0 alongX\π−1(U) and hence a positive maximum must occur in π−1(U) at each fixed
time t ∈ (0, T ). We assume the maximum can be obtained at point x0 ∈ X . Let y0 = π(x0) ∈ Y .
We choose normal coordinate system (zi)i=1,··· ,n for g(t) at x0 and (w
α)α=1,··· ,m for gY at y0. For
any holomorphic vector ∂∂wα , there exist holomorphic vector
∂
∂xα ∈ TxX such that dπx( ∂∂xα ) = ∂∂wα
for any x in the local normal coordinate chart of x0. The map π is given locally as (π
1, · · · , πm)
for holomorphic functions πα = πα(z1, · · · , zn). We write ∂∂xα as ∂∂xα = aiα ∂∂zi for holomorphic
functions aiα. Then u can be expressed as u(t, x) = |s|2α(π(x))gαβY aiαajβgij . For convenience, we
denote u1 = g
αβ
Y a
i
αa
j
βgij . Then at point x0
∆u1 = g
kl∂k∂l(g
αβ
Y a
i
αa
j
βgij)
=
n∑
k,l=1
gkl∂k(∂δg
αβ
Y π
δ
l a
i
αa
j
βgij + g
αβ
Y a
i
α∂la
j
βgij + g
αβ
Y a
i
αa
j
β∂lgij)
= −∂γ∂δ(gY )βαπγkπδkaiαaiβ + |∂kaiα|2 − aiαajαRij
= (Rm(gY ))γδβαπ
γ
kπ
δ
ka
i
αa
i
β + |∂kaiα|2 − aiαajαRij
On the other hand,
∂u1
∂t
= gαβY a
i
αa
j
β
∂
∂t
gij = −aiαajαRij .
Hence
(
∂
∂t
−∆) log u1 = 1
u1
(−(Rm(gY ))γδβαπγkπδkaiαaiβ − |∂kaiα|2) +
|∇u1|2
u21
≤ cY trωπ∗ωY + 1
u1
(
|∇u1|2
u1
− |∂kaiα|2),
where −cY is a lower bound for the bisectional curvature of ωY on Y . It is easy to get (see [34])
|∇u1|
2
u1
− |∂kaiα|2 ≤ 0.
Hence we have
(2.5) (
∂
∂t
−∆) log u1 ≤ cY trωπ∗ωY .
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Since
√−1∂∂(π∗|s|2)(x0) =
√−1∂∂|s|2(y0), is bounded by some multiple of π∗ωY . Combine Lemma
2.1, we have
(
∂
∂t
−∆) log u ≤ Ctrωπ∗ωY ≤ C′.
Hence by the maximum principle, we have u ≤ C. 
Now we prove the Theorem 1.1.
Proof of Theorem 1.1. Lower bound follows from (4) in Lemma 2.1. For any point y ∈ Y , each
fiber π−1(y) = F is a closed Ka¨hler manifold, and since π∗ωY |π−1(y) = 0, we have
√−1∂∂ϕT |π−1(y) = ωT |ϕT ≥ 0,
since ϕT is bounded, ϕT must be constant on the fiber π
−1(y). Hence there exists a bounded
function ψT on Y satisfying
ϕT = π
∗ψT .
Hence
ωT = π
∗(ωY +
√−1∂∂ψT ).
Now for any x ∈ X , we may assume that |s|2(π(x)) = 0, there exists an open set π(x) ∈ U ⊂ Y ,
such that Lemma 2.2 holds. Now we consider the open set U1/2 := {y ∈ U ||s|2(y) > 1/2}. Then
by Lemma 2.2, there exists a constant C > 0 such that
√−1∂∂ψT |U1/2 ≤ CωY .
Since Y is a compact manifold, there exist a finite open set {U i1/2(1 ≤ i ≤ N)} (N is a positive
integer number) satisfying
∪Ni=1U i1/2 = Y.
Hence we obtain that there exists a uniform constant C > 0 such that
√−1∂∂ψT ≤ CωY .
Hence we finish the proof of the theorem. 
3. F Is Pm Blown Up At One Point
In this section, we consider the case of F is Pm blown up at one point. One essential point of Song-
Sze´kelyhidi-Weinkove’s proof [33] is that the projective space admits a metric which has positive
holomorphic bisectional curvature. Although Pm blown up at one point doesn’t admit a metric
with nonnegative holomorphic bisectional curvature, but we have such metric with nonnegative
bisectional curvature on outside of the divisor. Then we need to estimate the locally holomorphic
vector field near the divisor under the evolving metrics, by using a idea of Song-Weinkove [39].
We also need Lemma 2.2, estimate of the evolving metrics along the Ka¨hler-Ricci flow which were
restricted to a horizontal set. We prove the following
Theorem 3.1. Let (X,Y, π, F ) be a Fano bundle with F is Pm blown up at one point (m ≥ 2),
ωY be a Ka¨hler metric on Y and ω0 be a Ka¨hler metric on X. Assume ω(t) is a solution of the
Ka¨hler-Ricci flow (1.1) for t ∈ [0, T ) with initial metric ω0 and [ω0]− 2πTc1(X) = [π∗ωY ], then we
have
(1) diam(X,ω(t)) ≤ C for some uniform constant C > 0;
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(2) There exists a sequence of times ti → T and a distance function dY on Y (which is uniformly
equivalent to the distance induced by ωY , such that (X,ω(ti)) converges to (Y, dY ) in the
Gromov-Hausdorff sense.
3.1. Key Estimates. Write π1 : F → Pm for the blow-down map, which is an isomorphism from
F\E to Pm\{p}, where p ∈ Pm and E = π−11 (p), which is biholomorphic to Pm−1. For convenient,
once and for all, a coordinate chart V centered at p, which we identify via coordinates z1, · · · , zm
with the unit ball D1 in C
m,
(3.1) D1 = {(z1, · · · , zm) ∈ Cm|
m∑
i=1
|zi|2 < 1}.
Denote by ge the Euclidean metric on D1. Since ge and gFS are uniformly equivalent on D1, it
suffices to estimates for ge on D1. Write Dr ⊂ D1 for the ball of radius 0 < r < 1 with respect to
ge.
We recall the definition of the blow-up construction, following the exposition in [14]. We identify
π−11 (D1) with the submanifold D˜1 of D1 × Pm−1 given by
(3.2) D˜1 = {(z, l) ∈ D1 × Pm−1|zilj = zjli},
where l = [l1, · · · , lm] are homogeneous coordinates on Pm−1. The map π1 restricted to D˜1 is the
projection π|D˜1(z, l) = z ∈ D1, with the exceptional divisor E ∼= Pm−1 given by π−11 (0). The map
π gives an isomorphism from D˜1\E onto the punctured ball D1\{0}.
On D˜1 we have coordinate charts D˜1i = {li 6= 0} with local coordinates z˜(i)1, · · · , z˜(i)m given
by z˜(i)j = lj/li = zj/zi for j 6= i and z˜(i)i = zi. The divisor E is given in D˜1i by {z˜(i)i = 0}. The
line bundle [E] over D˜1 has transition functions z
i/zj on D˜1i ∩ D˜1j . We can define a global section
s of [E] over F by setting s(z) = zi on D˜1i and s = 1 on F\π−11 (D1/2). The section s1 vanishes
along the exceptional divisor E. We also define a Hermitian metric h1 on [E] as follows. First let
h2 be the Hermitian metric on [E] over D˜1 given in D˜1i by
(3.3) h2 =
∑m
j=1 |lj |2
|li|2 ,
and let h3 be the Hermitian metric on [E] over F\E determined by |s1|2h2 = 1. Now define
the Hermitian metric h1 by h1 = ρ1h2 + ρ2h3, where ρ1, ρ2 is a partition of unity for the cover
(π−11 (D1), F\π−11 (D1/2)) of F , so that h1 = h2 on π−11 (D1/2). The function |s1|2h1 on F is given on
π−11 (D1/2) by
(3.4) |s1|2h1(x) =
m∑
i=1
|zi|2 =: r2,
for π1(x) = (z
1, · · · , zm). On π−11 (D1/2\{0}), the curvature R(h1) of h1 is given by
(3.5) R(h1) = −
√−1∂∂ log(
m∑
i=1
|zi|2).
We have the following lemma (see [14], p.187).
Lemma 3.1. For sufficiently small ǫ0 > 0,
(3.6) ωF = π
∗
1ωFS − ǫ0R(h1)
is a Ka¨hler form on F .
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From now on we fix ǫ0 > 0 as in the Lemma 3.1, with ωF defined in Lemma 3.1. In π
−1
1 (D1/2\{0}),
which we can identify with D1/2\{0}, the metric ωF has the form:
(3.7) ωF = π
∗
1ωFS +
√−1 ǫ0
r2
m∑
i,j=1
(δij − z
izj
r2
)dzidzj ,
for r given by (3.4). It is easy to see that, in D1/2\{0}, R(h1) ≤ 0, and the following lemma holds
(see [39]).
Lemma 3.2. There exist positive constants C such
(3.8) π∗1ωFS ≤ ωF ≤ C
π∗1ωFS
|s1|2h1
Since (X,Y, π, F ) is a Fano bundle, for any x ∈ X , let y = π(x), there exists a Zariski open set
(y ∈)U ⊂ Y , such that the diagram
π−1(U)
Φ
//
π
##❋
❋❋
❋❋
❋❋
❋❋
U × F
Pr1
||②②
②②
②②
②②
②
U
commutes, where Pr1 is the projection map onto the first factor. Let D = Y \U and s be a
holomorphic section on [D] and let h be a Hermitian metric on [D]. Define |s|2 = hss, for simplicity,
we also write π∗|s|2h as |s|2h. On π−1(U), we denote ω˜ = Φ∗(Pr∗2π∗1ωFS + Pr∗1ωY ), we also write
|s1|2h1 to represent Φ∗Pr∗2(|s1|2h1), where Pr2 is the projection map onto the second factor. Then we
have the following
Lemma 3.3. There exist uniform constants C > 0 and α > 0 such that for ω = ω(t) a solution of
the Ka¨hler-Ricci flow,
(3.9) ω(t) ≤ C|s|2αh |s1|2h1
ω˜.
Proof. Fix 0 < ǫ ≤ 1. By Lemma 3.2, we know
ω˜ ≥ CΦ∗(|s1|2h1(Pr∗2ωF + Pr∗1ωY )).
Since Pr∗2ωF +Pr
∗
1ωY is a fixed Ka¨hler metric on U ×F and Φ is a biholomorphism from π−1(U)
to U × F , for any fixed time t, there exists a constant α > 0 such that
trω˜ω ≤ C|s|αh |s1|2h1
.
Hence if we set
(3.10) Qǫ = log(|s|2αh |s1|2+2ǫh1 trω˜ω).
For each fixed time t ∈ (0, T ). We know the maximum of Qǫ must be obtained at some point
x0 ∈ Φ−1(U × F\E). Now we compute at point (x0, t)
(
∂
∂t
−∆)Qǫ = ( ∂
∂t
−∆) log trω˜ω + αtrωR(h) + (1 + ǫ)trωR(h1)
≤ ( ∂
∂t
−∆) log trω˜ω + αtrωR(h).
(3.11)
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From the argument in the proof of Lemma 2.2, there exists a uniform constant C > 0 such that
αtrωR(h) ≤ Ctrωπ∗ωY ≤ C′.
By a well-known computation (see [56, 1, 4]):
(
∂
∂t
−∆) log trω˜ω = 1
trω˜ω
(−gij g˜kq g˜plgklR˜ijpq − gij g˜klgpq∇˜igkq∇˜jgpl +
|∇trω˜ω|2
trω˜ω
)
≤ − 1
trω˜ω
gij g˜kq g˜plgklR˜ijpq
(3.12)
Denote gˆ as the product metric Pr∗2π
∗
1ωFS + Pr
∗
1ωY , then g˜ = Φ
∗gˆ. We compute with metric gˆ,
since the bisectional curvature of ωFS is positive, we have
(3.13) Rˆijpq = (Pr
∗
2π
∗
1R(ωFS))ijpq + (Pr
∗
1R(ωY ))ijpq ≥ (Pr∗1R(ωY ))ijpq.
Since Φ∗Pr∗1 = π
∗, pulling back via the map Φ, we have
gij g˜kqg˜plgklR˜ijpq ≥ −C(trω˜ω)(trωπ∗ωY )
for some uniform constant. Hence we obtain that
(
∂
∂t
−∆) log trω˜ω ≤ CtrωPr∗1ωY ≤ C′.
Hence
(3.14) (
∂
∂t
−∆)Qǫ ≤ C.
Then using the maximum principle and letting ǫ→ 0, we obtain the lemma. 
We assume that |s|h(y) = 1 and denote U1/2 = {y˜ ∈ U ||s|2h(y) > 1/2}.
Consider the holomorphic vector field
m∑
i
zi
∂
∂zi
,
defined on the unit ball D1. This defines via π1 a holomorphic vector field V on π
−1
1 (D1) ⊂ F
which vanishes to order 1 along the exceptional divisor E. We can extend V to be a smooth T 1,0
vector field on the whole of F , and Pr∗2(V ) to be a smooth T
1,0 vector field on U1/2 × F , then pull
back by Φ and then extend it to a vector V˜ on whole of X which vanish on X\π−1(U1/2). We then
have the following lemma.
Lemma 3.4. For ω = ω(t) a solution of the Ka¨hler-Ricci flow, we have the estimate
(3.15) |V˜ |2ω ≤ C|s1|h1 ,
for a uniform constant C. Locally, in D1/2\{0} we have
(3.16) |W |2g ≤
C
r
,
for
W =
m∑
i=1
(
xi
r
∂
∂xi
+
yi
r
∂
∂yi
)
the unit length radial vector field with respect to ge, where z
i = xi +
√−1yi.
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In the statement and proof of the lemma, we are identifying π−11 (D1/2\{0}) with D1/2\{0} via
the map π1, writing g for the Ka¨hler metric (π
−1
1 )
∗(ω|F ).
Proof. In this proof, we denote ωU for Φ
∗(Pr∗1ωY + Pr
∗
2ωF ) on π
−1(U) and a Hermitian metric
ω˜ = ρ1ω0+ ρ2ωU , where ρ1, ρ2 is a partition of unity for the cover (X\π−1(U1/2), π−1(U)), so that
ω˜ = ωU on π
−1(U1/2) and which is equivalent to metric ω0.
From the Lemma 3.1 we have, in D1/2,
(3.17) |V˜ |2ω˜ = |V |2ωF = |V |2π∗ωFS .
It follows that |V˜ |2ω0 is uniformly equivalent to |s1|2h1 = r2 in D1/2.
For any fixed point (x, t). We compute in a normal coordinate system for g at (x, t), we have
(3.18) (
∂
∂t
−∆) log |V˜ |2ω =
1
|V˜ |2ω
(−gijgkl(∂iV˜ k)(∂j V˜ l) +
|∇|V˜ |2ω|2ω
|V˜ |2ω
) ≤ 0.
Where we use the Cauchy-Schwarz inequality to get the above inequality (the detail, see the proof
of Lemma 2.6 in [39]).
Then using the maximum principle, we obtain that there exists a positive constant C such that
(3.19) |V˜ |2ω ≤ C|s1|2h1 .
Now define a Hermitian metric ω˜F on P
m by
ω˜F = ωe on D1,
and extending in an arbitrary way to be a smooth Hermitian metric on F . For small ǫ > 0, we
consider the quantity
(3.20) Qǫ = log(|V˜ |2+2ǫω |s|2α+2ǫh trΦ∗(Pr∗2π∗1 ω˜F+Pr∗1ωY )ω)−At
where α is the constant in Lemma 3.3 and A is a constant to be determined. Since ω˜F is uniformly
equivalent to ωFS , we see that for fixed t, using Lemma 3.3 and (3.19),
(|V |2+2ǫω |s|2α+2ǫh trΦ∗(Pr∗2π∗1 ω˜F+Pr∗1ωY )ω)(x)
tends to zero as x tends to X\π−1(U1/2)∪Φ−1(U1/2×E) and thus Qǫ(x) tends to negative infinity.
We now applying the maximum principle to Qǫ. Since Qǫ is uniformly bounded from above on
Φ−1(U1/2 × F )\Φ−1(U1/2 × D1/2\{0}), we only need to rule out the case when Qǫ attains its
maximum at a point in Φ−1(U1/2 ×D1/2\{0}). Assume that at some point (x0, t0) ∈ Φ−1(U1/2 ×
D1/2\{0})× (0, T ), we have supΦ−1(U×F\E)×[0,t0]Qǫ = Qǫ(x0, t0).
As in the proof of Lemma 3.3, we have
(3.21) (
∂
∂t
−∆) log |s|2α+2ǫh = (α + ǫ)trωR(h) ≤ Ctrωπ∗ωY .
By (3.12), pulling back by the biholomorphic map Φ, we have in Φ−1(U1/2 ×D1/2\{0}),
(3.22) (
∂
∂t
−∆) log(trΦ∗(Pr∗2π∗1 ω˜F+Pr∗1ωY )ω) ≤ CtrωΦ∗Pr∗1ωY .
Hence
(3.23) (
∂
∂t
−∆) log |s|2α+2ǫh (trΦ∗(Pr∗2π∗1 ω˜F+Pr∗1ωY )ω) ≤ Ctrωπ∗ωY ≤ C′.
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Take A = C′ + 1. By (3.18), at (x0, t0), we obtain
(3.24) 0 ≤ ( ∂
∂t
−∆)Qǫ ≤ −1,
a contradiction. Thus Qǫ is uniformly bounded from above. Letting ǫ tend to zero, since |s|2h > 1/2
on π−1(U1/2), we obtain
(3.25) (trΦ∗(Pr∗2π∗1ωFS+Pr∗1ωY )ω)|V˜ |2ω ≤ C,
for some uniform constant C. By Lemma 3.2, we have
(trω0ω)|V˜ |2ω ≤ C,
and since |V˜ |2ω ≤ (trω0ω)|V˜ |2ω0 this gives
(3.26) |V˜ |4ω ≤ C|V˜ |2ω0 ,
then the lemma follows from the fact that |V˜ |2ω0 is uniformly equivalent to |s1|2h1 in D1/2. 
Next we estimate on the lengths of spherical and radial paths in the punctured ball D1/2\{0},
which again we identify with its preimage in each fiber under π1.
Lemma 3.5. We have
(1) For any y ∈ Y and for 0 < r < 1/2, the diameter of the 2m − 1 sphere Sr of radius r in
D1 centered at the origin with the metric induced from ω|π−1(y) is uniformly bounded from
above, independent of r and y.
(2) For any z ∈ D1/2\{0}, the length of a radial path γ(λ) = λz for λ ∈ (0, 1] with respect to
ω|π−1(y) is uniformly bounded from above by a uniform constant multiple of |z|1/2.
Hence the diameter of D1/2\{0} with respect to ω|π−1(y) is uniformly bounded from above and
diam(π−1(y), ω|π−1(y)) ≤ C.
Proof. For any y ∈ Y , we can choose |s|2h(y) = 1. Then using Lemma 3.3, consider the metric
ω|π−1(y), we have
(3.27) ω|π−1(y) ≤
C
|s1|2h1
π∗1ωFS .
Then using the same argument in the proof of Lemma 2.7 in [39], we obtain the lemma. 
Now we can prove the (1) of Theorem 3.1.
Proof of (1) in Theorem 3.1. For any p, q ∈ X . Denote p1 = π(p), q1 = π(q). Then there exist two
open subset U1, U2 ⊂ Y , such that p1 ∈ U1, p2 ∈ U2 and there exist holomorphic maps Φ1,Φ2 such
that Φi : π
−1(Ui) → Ui × F (i = 1, 2) are the biholomorphic map. Denote p2 = Pr2Φ1(p), q2 =
Pr2Φ2(q). Since Y is compact, we may assume U1 ∩ U2 6= ∅. We assume p˜1 ∈ U1 ∩ U2, denote
p˜ = Φ−11 ((p˜1, p2)) and q˜ = Φ
−1
2 ((p˜1, q2)), by Lemma 2.2 we know dω(t)(p, p˜) ≤ C and dω(t)(q, q˜) ≤ C
.
Since p˜, q˜ ∈ π−1(p˜1), then by Lemma 3.5, we have dω(t)(p˜, q˜) ≤ C. Using the triangle inequality
we finish the proof of (1) in Theorem 1.2. 
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3.2. Diameter of fiber tends to zero. In this subsection, we prove that the diameter of fiber
with ω(t) tends to zero as t → T . Let dω = dω(t) be the distance function on X associated to the
evolving Ka¨hler metric ω. Using the same argument in the proof of Lemma 3.2 and Lemma 3.3 in
[39], we prove the following lemmas.
Lemma 3.6. Fix a point y0 ∈ Y . There exists a uniform constant C (independent of y0) such that
for any p, q ∈ E, and any t ∈ [0, T ),
(3.28) dω(Φ
−1(y0, p),Φ
−1(y0, q)) ≤ C(T − t)1/3.
Proof. We can assume that |s|2h(y0) = 1. We replace E by Φ−1({y0} × E) in the proof of Lemma
3.2 in [39], using Lemma 3.3 and using Lemma 3.5. See the argument of the proof of Lemma 3.2 in
[39]. 
Combine Lemma 3.5 and Lemma 3.6, we have
Lemma 3.7. Fix a point y0 ∈ Y . There exists a uniform constant C (independent of y0) such that
for any 0 < δ0 < 1/2 and for anyt ∈ [0, T )
(3.29) diamω(t)(Φ
−1({y0} × π−11 (Dδ0))) < C(|δ0|1/2 + (T − t)1/3).
Proof. We also assume that |s|2h(y0) = 1. For any p, q ∈ π−11 (Dδ0)). Since Lemma 3.6, we only
consider p ∈ π−11 (Dδ0\{0})) and q ∈ E. By Lemma 3.5 (2), we know the length of a radial
path γ(λ) = λp with respect to ω is uniformly bounded from above by C|p|1/2 ≤ Cδ1/20 . Since
γ(λ) tends to a point p0 ∈ E as λ → 0+, we know dω|pi−1(y0)(p, p0) ≤ Cδ
1/2
0 . By Lemma 3.6,
dω(Φ
−1((y0, p0)),Φ
−1((y0, q))) ≤ C(T − t)1/3. Hence we have
dω(Φ
−1((y0, p)),Φ
−1((y0, q))) ≤ C(δ1/20 + (T − t)1/3).

Lemma 3.8. Fix a point y0 ∈ Y . There exists a uniform constant C (independent of y0) such that
for any p, q ∈ π−1(y0), and any t ∈ [0, T ),
(3.30) dω(p, q) ≤ C(T − t)1/15.
Proof. We also assume that |s|2h(y0) = 1. For each fixed t satisfying T−t < 2−15, i.e., 2(T−t)2/15 <
1/2. Take δ0 = (T − t)2/15, by Lemma 3.7, we have
diamω(t)(Φ
−1({y0} × π−11 (D2δ0))) < C((T − t)1/15 + (T − t)1/3) ≤ C′(T − t)1/15.
We denote p′ = Pr2◦Φ(p), q′ = Pr2◦Φ(p). Hence we only consider the case of p′, q′ ∈ F\π−11 (Dδ0).
Since π−1(y0) is biholomorphic to F , which is P
m blown up at one point, there exists a curve
γ ∼= P1, such that p, q ∈ γ ∩ (π−1(y0)\Φ−1({y0} × π−11 (Dδ0))). We may assume that p, q lie in a
fixed coordinate chart U whose image under the holomorphic coordinate z = x+
√−1y is a ball of
radius 2 in C = R2 with respect to the Euclidean metric ωe. In this coordinate, by Lemma 3.3, we
know
ω(t)|π−1(y0) ≤
C
(δ0)2
(π1)
∗ωFS ≤ C
′
(δ0)2
ωe.
Since closed curve γ ⊂ F ,
(3.31)
∫
γ
ω(t) =
∫
γ
[
1
T
((T − t)ω0 + tπ∗ωY )] = T − t
T
∫
γ
ω0 ≤ C(T − t).
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Write σ = (T − t)1/3 > 0, which we may assume is sufficiently small.
Moreover, we may assume that p is represented by the origin in C = R2, that q is represented
by the point (x0, 0) with 0 < x0 < 1, and that the rectangle
R = {(x, y) ∈ R2|0 ≤ x ≤ x0,−σ ≤ y ≤ σ} ⊂ R2 = C
is contained in the image of U . Now in R, the fixed metric gˆ0 induced from the metric g0 on X is
uniformly equivalent to the Euclidean metric. Thus from (3.31),
(3.32)
∫ σ
−σ
(
∫ x0
0
(trgˆ0g)dx)dy =
∫
R
(trgˆ0g)dxdy ≤ C(T − t).
Hence there exists y′ ∈ (−σ, σ) such that
(3.33)
∫ x0
0
(trgˆ0g)(x, y
′)dx ≤ C
σ
(T − t) = C(T − t)2/3.
Now let p′′ and q′′ be the points represented by coordinates (0, y′) and (x0, y
′). Then, considering
the horizontal path s 7→ (s, y′) between p′′ and q′′, we have
dω(p
′′, q′′) ≤
∫ x0
0
(
√
g(∂x, ∂x))(x, y
′)dx
=
∫ x0
0
(
√
trgˆ0g
√
gˆ0(∂x, ∂x))(x, y
′)dx
≤ (
∫ x0
0
(trgˆ0g)(x, y
′)dx)1/2(
∫ x0
0
(gˆ0(∂x, ∂x))(x, y
′)dx)1/2
≤ C(T − t)1/3.
(3.34)
and
(3.35) dω(p, p
′′) ≤ dω|pi−1(y0)(p, p
′′) ≤ C
(δ0)2
σ = C(T − t)1/15.
Using the same argument we can prove
(3.36) dω(q, q
′′) ≤ C(T − t)1/15.
Hence by triangle inequality
(3.37) dω(t)(p, q) ≤ C(T − t)1/15.

3.3. Gromov-Hausdorff Convergence. In this subsection, we prove that there exists a sequence
of metrics along the Ka¨hler-Ricci flow converges sub-sequentially to a metric on Y in the Gromov-
Hausdorff sense as t→ T .
Lemma 3.9. Write dt : X ×X → R for the distance function induced by the metric ω(t). There
exists a sequence of times ti → T , such that the functions dti converge uniformly to a function
d∞ : X ×X → R.
Moreover, if, for p, q ∈ Y , we let dY,∞(p, q) = d∞(p˜, q˜), where p˜ ∈ π−1(p) and q˜ ∈ π−1(q), then
dY,∞ defines a distance function on Y , which is uniformly equivalent to that induced by ωY .
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Proof. First note that the functions dt : X × X → R are uniformly bounded. Indeed by (1) in
Theorem 1.2, we have a constant C > 0 such that dt(x, y) < C for any t < T and x, y ∈ X . Next,
we prove that the functions dt : X×X → R are equicontinuous with respect to the metric on X×X
induced by d0.
For any x, x′, y, y′ ∈ X , we have
|dt(x, y)− dt(x′, y′)| ≤ |dt(x, y)− dt(x, y′)|+ |dt(x, y′)− dt(x′, y′)|
≤ dt(y, y′) + dt(x, x′).
(3.38)
Define |s|2h = hss, and we assume |s|h(y) = 1.
Since Y is compact, there exist finite Zariski open sets U1, · · · , UN and biholomorphic map
Φ1, · · · ,ΦN such that the diagram
π−1(U i)
Φi
//
π
##●
●●
●●
●●
●●
U i × F
Pr1
{{①①
①①
①①
①①
①
U i
commutes, where Di = Y \U i, and ∪Ni=1π−1(U i1/3) = X . Let si be the holomorphic sections on [Di]
and let hi be the Hermitian metrics on [Di]. Here U
i
r = {y˜ ∈ U i||si|hi > r} for 0 < r ≤ 1.
Claim 3.1.1. There exists a uniform constant δ > 0 such that if x ∈ π−1(U i01/3) for some i0 ∈
{1, · · · , N} and d0(x, x′) < δ, then x′ ∈ π−1(U i02/3).
Proof of Claim. Denote Air be the boundary of π
−1(U ir) and denote d0(A
i
1/3, A
i
2/3) = δi > 0.
Let ρi1, ρ
i
2 be the partition of unity for the cover (X\π−1(U i2/3), π−1(U i). Then ωi = ρi1ω0 +
ρi2Φ
∗
i (Pr
∗
1ωY + Pr
∗
2ωF ) are the Hermitian metrics on X , which are equivalent to metric ω0, and
ωi = Φ∗i (Pr
∗
1ωY + Pr
∗
2ωF ) on π
−1(U i2/3). Hence there exists a uniform constant C > 0 such that
(3.39) C−1ω0 ≤ ωi ≤ Cω0.
We take δ = C−2min{δ1, · · · , δN}. Now we can prove x′ ∈ π−1(U i02/3). If not, we know
(3.40) dωi0 (x, x
′) ≥ dωi0 (Ai01/3, Ai02/3) ≥ C−1d0(Ai01/3, Ai02/3) = C−1δi0 .
On the other hand,
(3.41) dωi0 (x, x
′) ≤ Cd0(x, x′) < Cδ.
It is a contradiction. Hence x′ ∈ π−1(U i02/3). We finish the proof of the claim. 
Now if x, x′ ∈ X satisfying d0(x, x′) < δ, by the above claim we have x, x′ ∈ U i02/3 for some
i0 ∈ {1, · · · , N}. Now we choose q0 ∈ F such that |s|2h(q0) = 1. Then by the Lemma 3.3, we have
(3.42) dt(Φ
−1
i0
(π(x), q0),Φ
−1
i0
(π(x′), q0)) ≤ CdωY (π(x), π(x′)) ≤ C′d0(x, x′).
By Lemma 3.8
dt(x, x
′) ≤ dt(x,Φ−1i0 (π(x), q0)) + dt(Φ−1i0 (π(x′), q0), x′) + dt(Φ−1i0 (π(x), q0),Φ−1i0 (π(x′), q0))
≤ C[(T − t)1/15 + d0(x, x′)].
(3.43)
Now we prove the following lemma.
THE KA¨HLER-RICCI FLOW ON FANO BUNDLES 15
Lemma 3.10. With the assumption of (3.43), there exists a sequence of times ti → T , such that
the functions dti converges uniformly to a continuous function d∞.
Proof of Lemma 3.10. We denote M = X × X , is a compact manifold. The first thing to recall
is that any compact metric space has a countable dense subset. This follows directly from the
definition of compactness. Namely, given any k ∈ N, cover M by all the balls of radius 1k (centred
at all the points of M .) By compactness of M this has a finite subcover, let Qk ⊂M be the set of
centers of such a finite subcover. Then every point of M is in one of the balls, so it is distant at
most 1k from (at least) one of the points in Qk. The union, Q = ∪kQk, of these finite sets is (at
most) countable and is clearly dense in M , i.e., any point in M is the limit of a sequence in Q.
Let {dtn} be a sequence of dt (tn → T as n → ∞). Take a point q1 ∈ Q, then {dtn(q1)} is
a bounded sequence in R. So, by Heine-Borel Theorem, we may extract a subsequence of dtn so
that {dtn1,j (q1)} converges in R. Since Q is countable we can construct successive subsequences,
dtnk,j of the preceding subsequence dtnk−1,j , so that the kth subsequence converges at the first kth
point {q1, · · · , qk} of Q. Now, the diagonal sequence dtni = dtni,i is a subsequence of dtn . So along
this subsequence dtni (q) converges for each point in Q. It is a subsequence of the original sequence
{dtn}, we just denote it as {dtn} and we want to show that it converges uniformly; it suffices to
show that it is uniformly Cauchy.
For any given ǫ > 0. By the assumption of (3.43), we can choose Tǫ ∈ [0, T ) such that for any
t ∈ [Tǫ, T ) we have C(T − t)1/15 ≤ ǫ/6 and choose δ = ǫ/6C > 0 so that |dtn(x) − dtn(y)| < ǫ/3
whenever d0(x, y) < δ and tn ∈ [Tǫ, T ). Next choose k > 1/δ. Since there are only finitely
many points in Qk we may choose N so large that for any n > N we have tn ∈ [Tǫ, T ), then
|dtn(q)−dtm (q)| < ǫ/3 if q ∈ Qk and n,m > N . Then for a general point x ∈M there exists q ∈ Qk
with d0(x, q) < 1/k < δ, so
(3.44) |dtn(x) − dtm(x)| ≤ |dtn(x) − dtn(q)|+ |dtn(q) − dtm(q)|+ |dtm(q)− dtm(x)| < ǫ
whenever n,m > N . Thus the sequence is uniformly Cauchy, hence uniformly convergent. Hence
the function d∞ is continuous. We finish the proof of Lemma 3.10. 
It follows that d∞ is nonnegative, symmetric and satisfies the triangle inequality.
Let dY : Y × Y → R be the distance function on Y induced by the metric ωY . From Lemma
2.1, we have a constant c > 0 such that dt(x, y) ≥
√
cdY (π(x), π(y)). It follows that the limit d∞
satisfies
(3.45) d∞ ≥
√
cdY (π(x), π(y)).
Now we want to prove the upper bound. When π(x), π(y) ∈ U i01/3 for some i0 ∈ {1, · · · , N}, by the
inequality (3.43) and Lemma 3.5, we have
(3.46) dt(x, y) ≤ C(T − t)1/15 + CdY (π(x), π(y)).
This implies that
(3.47) d∞(x, y) ≤ CdY (π(x), π(y)).
Now we consider the general case. Assume π(x) ∈ U11/3 and π(y) ∈ U i01/3 for some i0 6= 1. Since
∪Ni=1U i1/3 = Y , we know for any minimal geodesic γ(t) connecting π(x) and π(y) with metric ωY ,
there exist a finite points y0 = π(x), y1 = γ(t1), y2 = γ(t2), · · · , yL = γ(tL), yL+1 = π(y) ∈ Y such
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that yi and yi+1 are in the same U
j0
1/3 for some j0 ∈ {1, 2, · · · , N}. We choose x0 = x, xL+1 = y
and any x1, · · · , xL ∈ X satisfying π(xi) = yi. Hence by
dY (π(x), π(y)) =
L∑
i=0
dY (yi, yi+1)
≥ C−1
L∑
i=0
d∞(xi, xi+1)
≥ C−1d∞(x, y).
(3.48)
For p, q ∈ Y , we now define dY,∞(p, q) = d∞(p˜, q˜), where p˜ ∈ π−1(p), q˜ ∈ π−1(q). This is indepen-
dent of the choice of lifts p˜ and q˜ since if say p˜′ is a different lift of p, then by (3.48) and by the
triangle inequality, we have
(3.49) d∞(p˜
′, q˜) ≤ d∞(p˜, q˜) + d∞(p˜′, p˜) = d∞(p˜, q˜)
and by switching p˜ and p˜′ we get the reverse inequality. Moreover, it follows from (3.47) and (3.48)
that dY,∞ is uniformly equivalent to dY . Hence we finish the proof of Lemma 3.9. 
Theorem 3.2. In the notation of Lemma 3.9 we have (X, dti) → (Y, dY,∞) in the Gromov-
Hausdorff sense, where we recall that dti is the distance function induced by the metric ω(ti).
Proof. Using the same argument in the proof of Theorem 3.1 in [33]. Hence finish the proof of (2)
in Theorem 3.1. 
4. F Is Some Weighted Projective Space Blown Up At The Orbifold Point
In this section, we will consider the case of the fiber F is the family of m-folds Mm,k(1 ≤ k <
m), was introduced by Calabi [3], which as generalization of the Hirzebruch surfaces. Mn,k is a
compactification of the blow up of a Zk-orbifold point of the orbifold Ym,k, is a P
1-bundle over
Pm−1. The detail of the construction of Mm,k and Ym,k, please see [40].
First, we recall the definitions of Mm,k and Ym,k.
We define Mm,k to be the P
1-bundle
(4.1) Mm,k = P(O(−k)⊕O)
over Pn−1. We will assume in this paper that m ≥ 2 and 1 ≤ k < m (the latter implies that
Mm,k is a Fano manifold). Denote by E0 and E∞ the divisors in Mm,k corresponding to sections
of O(−k) ⊕ O with zero O(−k) and O component, respectively (the detail see Section 9 in [40]).
E0 is an exceptional divisor with normal bundle O(−k) of the type discussed above. The complex
manifold Mm,k can be described as
Mm,k ={([Z1, · · · , Zm], (σ, µ) ∈ Pm−1 × ((Cm × C)\{(0, 0)})|σ is in
the line λ 7→ (λ(Z1)k, · · · , λ(Zm)k)}/ ∼,
(4.2)
where
(4.3) ([Z1, · · · , Zm], (σ, µ)) ∼ ([Z1, · · · , Zm], (σ′, µ′))
if there exists a ∈ C∗ such that (σ, µ) = (aσ′, aµ′). Then E0 and E∞ are the divisors {σ = 0} and
{µ = 0}, respectively.
THE KA¨HLER-RICCI FLOW ON FANO BUNDLES 17
The orbifold Ym,k is the weighted projective space
(4.4) Ym,k = {(Z0, · · · , Zm) ∈ Cn+1}/ ∼ .
where (Z ′0, · · · , Z ′m) ∼ (Z0, · · · , Zm) if there exists λ ∈ C∗ such that
(4.5) (Z ′0, · · · , Z ′m) = (λkZ0, λZ1, · · · , λZm).
We write elements of Ym,k as [Z0, · · · , Zm]. Then Ym,k has a single Zk-orbifold point at [1, 0, · · · , 0].
We define the map π1 :Mm,k → Ym,k by
(4.6) π1(([Z1, · · · , Zm], (σ, µ))) = [µ, b1/kZ1, · · · , b1/kZm],
where b ∈ C is defined by
(4.7) σ = b((Z1)
k, · · · , (Zm)k).
π1 is globally well-defined, surjective and injective on the complement of E0.
If we identify the line bundle O(−k) with the open subset {µ 6= 0} ofMm,k and Cm/Zk with the
open subset {Z0 6= 0} of Ym,k via (z1, · · · , zm) 7→ [1, z1, · · · , zm], then π1 restricted to Mm,k\E0 is
a biholomorphism onto Ym,k\{[1, 0, · · · , 0]} and π1(E0) = [1, 0, · · · , 0].
All of the manifolds Mm,k admit Ka¨hler metrics. Indeed, the cohomology classes of the line
bundles [E0] and [E∞] span H
1,1(Mm,k;R) and every Ka¨hler class α can be written uniquely as
(4.8) α =
b
k
[E∞]− a
k
[E0]
for constants a, b with 0 < a < b. The first chern class
(4.9) c1(Mm,k) =
m+ k
k
[E∞]− n− k
k
[E0].
Hence if 1 ≤ k ≤ m − 1, then Mm,k is a Fano manifold. He and Sun proved that any weighted
projective space exists an orbifold Ka¨hler (in fact is Ka¨hler-Ricci soliton) metric ωorb with positive
bisectional curvature, see Theorem 1.2 in [20].
Let L be the (− k) line bundle over Pm−1, for k ≥ 1. We give a description of the total space of
L as follows. Writing [Z1, · · · , Zm] for the homogeneous coordinates on Pm−1, we define
(4.10) L = {([Z1, · · · , Zm], σ) ∈ Pm−1 × Cm|σ is in the line λ 7→ (λ(Z1)k, · · · , λ(Zm)k)},
and let P : L→ Pm−1 be the projection onto the first factor. Each fiber P−1([Z1, · · · , Zm]) is the
line in C. L can be given m complex coordinate charts
Ui = {([Z1, · · · , Zm], σ) ∈ L|Zi 6= 0} for i = 1, · · · ,m.
On Ui, we have coordinates ω
j
(i) for j = 1, · · · ,m with j 6= i and y(i). The ωj(i) are defined by
ωj(i) = Zj/Zi for j 6= i,
and y(i) by
σ =
y(i)
(Zi)k
((Z1)
k, · · · , (Zm)k).
On Ui ∩ Ul with i 6= l, we have
ωj(i) =
ωj
(l)
ωi
(l)
for j 6= i, l, ωl(i) = 1ωi
(l)
and y(i) = y(l)(
Zi
Zl
)k = y(l)(ω
i
(l))
k.
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Now let E be the submanifold of L defined by the zero section of L over Pm−1. Denote by [E] the
pull-back line bundle P ∗L over L, which corresponds to the hypersurface E. Writing the transition
functions of [E] in Ui ∩ Ul as til = (Zi/Zl)k = y(i)/y(l), we have a section s˜ over [E] given by
si : Ui → C, si = yi.
We can define a Hermitian metric h˜ on the fibers of [E] by
hi =
(Σmj=1|Zj |
2)k
|Zi|2k
on Ui.
Namely, h˜ is the pull-back of h−kFS where hFS is the Fubini-Study metric on O(1). We have
(4.11) |s˜|2
h˜
= |y(i)|2
(Σmj=1|Zj |2)k
|Zi|2k on Ui.
If we denote r2 =
∑m
i=1 |zi|2, then we have
(4.12) π∗1r
2k = |s˜|2
h˜
on L.
Let ωe be the standard orbifold metric on C
m/Zk, which lifts to the Euclidean metric on C
m,
we write ωe as
(4.13) ωe =
√−1
2π
Σidz
i ∧ dzi.
Denote ωF be the metric ωX in Lemma 2.3 in [40], it is a Ka¨hler metric on Mm,k. We will work
in a local uniformizing chart around the orbifold point p ∈ Yn,k, which we identify with the unit
ball D1 in C
m. Then we know that ωorb is uniformly equivalent to the Euclidean metric ωe on D1.
We write DR for the ball in C
m of radius R > 0. Then from the section 2 in [40], on π−11 (D1\{0})
we have
(4.14) k|s˜|2(k−1)/k
h˜
π∗1ωe ≤ ωF ≤
C
|s˜|2/k
h˜
π∗1ωe
for some uniform constant C > 0. Hence on π−11 (D1\{0}) there exists a uniform constant C such
that
(4.15) C−1|s˜|2(k−1)/k
h˜
π∗1ωorb ≤ ωF ≤
C
|s˜|2/k
h˜
π∗1ωorb.
Now if we denote ω˜ = Φ∗(Pr∗2π
∗
1ωorb+Pr
∗
1ωY ), since the bisectional curvature of ωorb is positive,
using the same argument of Lemma 3.3, we obtain
Lemma 4.1. There exist uniform constants C > 0 and α > 0 such that for ω = ω(t) a solution of
the Ka¨hler-Ricci flow,
(4.16) ω(t) ≤ C
|s|2αh |s˜|2/kh˜
ω˜.
Using the same notations as in Lemma 3.4, then we have
Lemma 4.2. For ω = ω(t) a solution of the Ka¨hler-Ricci flow. Then there exist uniform constants
C > 0 and R0 = R0(m, k) ∈ (0, 1) such that on DR0\{0}:
(4.17) |V˜ |2ω ≤ Cr2k/k+1 .
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Locally, in DR0\{0} we have
(4.18) |W |2g ≤
C
r2/(k+1)
,
for
W =
m∑
i=1
(
xi
r
∂
∂xi
+
yi
r
∂
∂yi
)
the unit length radial vector field with respect to ge, where z
i = xi +
√−1yi.
Proof. We using (4.14) and using the same argument in the proof of of Lemma 3.4, we can obtain
the Lemma. 
Using the same argument in the proof of Lemma 3.5, we can estimate on the lengths of spherical
and radial paths in the punctured ball DR0\{0}.
Lemma 4.3. We have
(1) For any y ∈ Y and for 0 < r < R0, the diameter of the 2m − 1 sphere Sr of radius r in
DR0 centered at the origin with the metric induced from ω|π−1(y) is uniformly bounded from
above, independent of r and y.
(2) For any z ∈ DR0\{0}, the length of a radial path γ(λ) = λz for λ ∈ (0, 1] with respect to
ω|π−1(y) is uniformly bounded from above by a uniform constant multiple of |z|k/(k+1).
Hence the diameter of DR0\{0} with respect to ω|π−1(y) is uniformly bounded from above and
diam(π−1(y), ω|π−1(y)) ≤ C.
Then using the same argument in Section 3, we can prove the diameter of the fiber along the
metrics g(t) tend to zero, then we obtain
Theorem 4.1. Let (X,Y, π, F ) be a Fano bundle with F is Mm,k(1 ≤ k < m), ωY be a Ka¨hler
metric on Y and ω0 be a Ka¨hler metric on X. Assume ω(t) is a solution of the Ka¨hler-Ricci flow
(1.1) for t ∈ [0, T ) with initial metric ω0 and [ω0]− 2πTc1(X) = [π∗ωY ], then we have
(1) diam(X,ω(t)) ≤ C for some uniform constant C > 0;
(2) There exists a sequence of times ti → T and a distance function dY on Y (which is uniformly
equivalent to the distance induced by ωY , such that (X,ω(ti)) converge to (Y, dY ) in the
Gromov-Hausdorff sense.
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